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‘fnuria and nalbrﬁpk (1943) 1nvaatisatod the origin of bacterin )
*7freaistant t0 paage. They tound 11:1:1 after exposing about 10 !gcherienia

. ——

‘goli to phage the number ot resistant bacteria remeining in culturo

e _..-.-- s

- Was either zero or a number small enough countable by plating out,

‘They conglugded, in my opinion entire;y corractly, that the resistant
had arisen by mutation. lowever it 1g possible that their stetistical
treatment could be improved, and it is the object of this paper to
sux=08t poasible iuprovements.

Taey started tueir cultures with'a small number (about 50$0 5uu) of
bacteria from a sensitive strain, added phage wﬁen tae number had
increased to betieen 108 and 431010 and then estimated the number 6f
resistant bacteria by plating out a fraction of the culture, or in one
case, the whole of it, and counting the colonies. They estimated the
mutation rate either from the mean ;unber of colontes,‘euch representing
one mutant, or irom the frequency of cultures in w&icn no-aurvivo:s
were found, The two methods gave different estimates , the iformer
'beiné uaually greatsf by a factor of about 5, tuough botha -ere of
tne order ‘of 1¢~8, It will ﬂe‘aug,eated that tuis divergence was
due to their statistical method, thouyi: the theory here put forward
lays no claim to finelity, end is at best an advence in the right
direction,




* Theory of an 'f‘Idear._l.' Experiment : r

Ef  léjsuall fiistjcénsideé:an 1&@31 éiperiﬁent, in wuich all indiveducls
' descended frou & single seusitive beoterium, divisious are synsaronous,
end there are no deaths., kutation is irreversibie, and occurs at e

division'ouly ons of the Jroducts bein, resistant,

lLet:n be tue uuiber of generativis.

N = 2% ve tue number of bucteria when phage ig adued,

m be the probability of mutetion at & division.

X be the number of wutants in e culture of N.

Py be the probabiiity of findin. just x mutants,

gal/2 ull |

Clearly N must be chosen g0 thiat 4 18 of the order of unity. for

1f 1t is much smaller most cultures are steriia, il wucu larger tuey
‘eontain ungounteble numbers of uwutauts. e sQaLL Lfarst suow uow Lo
caloulute p for suall Valueé of X, and tuen uow o calcuiate tue LOmCLLS
o tue distribution of x.

Py 18 the probabillty tiuat no mutents ure p esent. Then in none of

N=1 divisions has a mutation occurred, Thus

-l - °-23( 1+2g(1-g)n" + c(u‘2) )

Po= (1m)

8o for woderate values of g, poae'gé with an error of lesctuan 1u~6,
Similerly pl is the probdbility thet there nes beenrone ana only one
mutation , wi.d thet tuls occurréd'durtné the lust cycle ul divisious,
‘1e@e, 1in oue of 1/2 N divisions out of a totul wi Neid davisious. iuus

Py = w 1/2 N (L-a)¥"?




M5y pretstienstz-ant « o(ae2)) | |
' To find Py wheu x exceeda untny, 'o mu-t couaidor all tho partxtiont
ﬁ”ot x 1nto powers of 2 1ucludlns 001‘30 Tae "“mb°r of taese 9"‘*°‘°"° |

18 the coefficient of t in the éx,ansion of

- in ascendin, powers of t.'anh'gartxtﬁon»

(x.s)(l“%)(;.215(1.581--..
‘represents a set of mutations wiaicn could Live rise to x mutants. Thus

5 = 2251 22(2) + 1 = 2¢3(1) = 5(1).

The pattern corresponding to each of these partitions is shown in Fig.1l,

mutaut cells being regressntéd by black,and normal by open circles.
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2241 2(2)+l 2¢3(1) 5(4)

Fige 1
considér the mutatione re rescuted by the partition 2+3(1).

One mutetion occourred in ome of ;bé 1/4 N divieions of the penultimate

set. The probabillty of sucia &n event is m 1/4 }i or 1/2 g. Three took
- pluce in tho i1/2 N divisions of the Lasy-aot. The probebiiity is ..
8 ditndwiztgexntfeuntiidRanxxx ‘

1/31 w2 N/2 (8/2 =1) [N/2 <2) or 1/6 g(1-68"L+0(H~2)).

The probability taat 5 mutant baoteria ori,inated .4n thas particular
 :~uay is tuus 4/12 g 0‘23(1-2(3-ﬁsm32)n" «(8"2) )

' conoldartng the other three possible partitions of 5 into
powers of 2 we find: : . ¢
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In genera.l a gartition of x iiito akz" + “1:-1.2‘ -1 +--3L2 + ale
gives rise to & term |
;;ﬂiak 0~28 |
kay (k-l)a«-
ol 2 ‘k-1'2 Aol aceee a§284ayl

Table 1 gives the coefficients of g in the expansions of P, UP to X=lCs
x3 '

5

20g7 +,315 g4 o 105 2% » 21 g0 ®

Teble 2 gives values of p, for several values of g. It will'be seen

that while there is some analogy wita tue Poisson distribution there
48 no single maximum value when g 1s ol the order of unity. Inese
values are only strictly accurate when N is infinite. lut the are
reasonably accurate when x is small compared with NL/ 2, Thus the

last teram of the emyunsion of P10 |

__g‘_‘fz (1=(g2-L0Lg+4950)N"L +0(N"2)).
1003 o€ .

Unless g exceeds 200, the orrbr 18 less than 2.5x10"% waen NellS.

The moments canno‘t be calculated by this nétnod. for e M tends to
infinity, all the moments of X do so. For wuen x-zktue deading term in tae
expansion cf ’x“ 2 2‘. walilst otherwise the coefficient of 50'25

is zero. Honce wheti N tends to infinity the coeffiggent of ge~2% in &-
or.iip, tends t0 lelelelen=, ‘vhaoh diverges. Hence £ end the higher
moments diverge., The moments must be calculated by a d}ttoront aethod




' 'hon N 1- tum.o.

lhou ll-2". J.at ! - °u' !z ‘- 'n R = '#. m' eouudor -uat. aap..ou. : E

1:’ one wore genorauon 13 added at. tne b.gtuulns. so :.hat. N-Z""

T In len ot all easea tnore is no nut.auon at t.ne t‘trst tnnslon. denco we ’
simply have two yopu.l.a.uon- of 2" bact.oraa. each dorznd tron a suacopubl.e-
individuale 1f between them they contain x! mutants, then the cumulatts =
of the distributionsf x' are twice those of the dtstribut;oh of x; énd the
momentanm derivable from taem by well-known oxpreasmnﬁ 80

a2, !'2- 2!2+ x, !"-2’3 +6§e.!2, eto. |
Eut in a fraction.-u of all ceses a mutation oocurs in the first division,
and x'=2%x?, waeuce .
x =22, §'2u22"+2"*4?'-f-'°?:'2 i" - 290,3.0%3 +3~22‘iz+!3_,et.c. ,
Hence u = (1-m)2u+ -(2“4»0 ) ;
»’ = (2-z)u + 2"n
a S0 "n"‘lu 2 u {len/2) (2‘°u -2) » Whence
""Hn-a = (1-n/2)"(2"Buy-2)
= «2(1-0/2)%, or
u_a2(2°-(2-m)")
:2"-)./4 %n(nel) teme=-
= 2ng-1/2 nn(n?l)s +0(z?),
Taus ® =u,= 2g log -gzlogzu(Logzn-l)n" w(N’a).
ine second and later terms are negiigible.
Similarly v 12(.1-&) (vp+up)e n(22“ 2"“ *v )
=(2-n)v +22nl4- 2(2“m1)2nmn + O(m).
'Hence vy, v, 22"..,2(2‘.,1)2 an

(cal™ e T o




’ -(2 0n J.) 02 ’ 2(5::-9) + O(I )o

18unntns thta e:proauion

.!...5 - n(zn‘lollz u(u-l)) + m2(5n-9f2“°2+ 0(02)
(2-m)

or v, = 2"'%(2"0::(::-1)-2) + 2"‘-’”‘2-2(6n'-9) + Q0¥
4400 B%m v = Hg + (nzsu-z)s + 3(2n-3 )g2+0(5")
.8imilerly w nel™ 2(1-m)(-h+3unv ) + u(23" + 3‘22nu + 3'22n'h"n)
whence 27= 1/2 N° g+ O(N).
13 is of order Nﬂ-L. and the momen ts of x about its meanare of the same.
‘order as those about zero, as are the cumulants of its distribution,
To sum up, the mean, variance and third momen t of x are:

| kw26 1@ N T o

log 2
k2 = &N

K = 1/2 g

p
within an asccuracy of the order of N

This implies that the mean cannot be used with any confidence for tue

estivation of m, For suppose we heve values of x from 8§ populatione of N ,

the variance of the wmeah 1is S‘L that of x, and the third uwoment 6'2 that

of X o For example if N = 2= 1.342x16%, and Selu, while me 1.5x10°°

i
4
or gs=l, then the ween of x is 54, and the veriance of the mean 1is 1.342:106. |

80 that its "stendard error® 1is 1159, and the meesure of skewness y, 1s

3/2

about 1/2 (.i/g) ', or 12,ULUe *aus the mesn will aimost zlways be less

‘then 1ts expected value, and no practlcgblo number of experiments will

enable us to estimate m from it,

Un the other uand in tuls case p o~ Pi=i354 and & aatistacto:y estimate




Lf;or m can bc obtainad tton tha nunber or oulturoa uontatntng ono uutant “Glgf

i;or uono. It 13 worth uoting that here, probab;y for the tirat ttmo |
';'1n the histedy or aeiouco, 'c nave to deal with a dietribution aimtlar'
 to that of - tue gatn. of & 5ambler in Buler's famoua Petereburb prohlem, ln;f
which the gambLer produces a 'nead' n times in succession. The moments are 

£inite if the banker has a finite but large capital of 2nN roubles.

Samples From an Ideal Ixperiment
Luria end Delbriick usually worked with a frection of their total
population, which they plated out, Suppose a fraction ¢ is faken, and

gyis the probaebility that it conteins y mutant bacteria . Then

P = P, +(1-c)p1 + (l-c)zp 4 w—eme=(leg)® P, +

Py= of P, + 2(1=0)py + w=m=em=e=x (1 c)x P+

02( Pyt 3(1-c) pyt ---------1/2 X(x-l)(l-c)

By=o’(py¢ (yed) (1-c)pyy s ===-=—= (") (1-0)"p

It fol.ows that

- ) | A
P, = B~ (18) B+ :"1'.‘0‘; P, ------4-%_1;;?, +

P = c'l(Pi (1'°) 2p 4(5-9) P+ =-me--me +(2:£)2x tonnenae)

P 6 B(R~(red) (459)P,, 4-m-mm +(F) (SFE)" T Bymmr)

Hence no simple expression can be given for gy as a function « y, even

-when Y=mO.

The fractional maments of y are simple fractions of those of x , namely

§=ox, Y(yel) = o°x(x-1), eta,
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t ;3?'1/2,03332;+‘0(N), ete.

- For the reasens given above these moments are almost usaless for estiuating

We UnfortuhateLy wvhere o=.05, as in many of iuria and Delbrﬁck's experiments,

tae series for Py converge so slbyly that they are of little vaiue.

Deviations from the Ideal

An experiment may deviate from the ideal form for a number of rezsons
of which we shall consider three. In the first place , divisions are not ‘
quite sinultaneous throughout the culture, With an averagye of say a7
divisjions, many bacteria will be the product of 2% o1 27 | some perhaps of
17 or 37 divisions. However, if all bacteria survive, there have been exactly
N-l in all. Hence the value of p, 1s unchanged. Furtuer, the grobability
that a mutation occurred during ine ori,in of any of the N becteria is
exact{y 1/2 m, So the vealue qf pL is unchenged.

Oon the other hend the value of Py is dininished. For the terminal

sections of the pedigree are all of one or other of the types shown in

Piz. 2

a ' e
M. 2 C
Let @ end b be the numbers of tiese two types. Then lim4das3be
Now two mutants may occur in sibs because eitner product of the first
. division of the first type is an origiual mutant, but only because one

of the two products of the first divisin of the second type 1s an original

mutant,




‘ A pa1r of non-a?b mﬁﬁantQ can oeeur ]uat §s bet5ro. Hencegw
- ( m(a+1/2 b) + 072 w/z)z) [EELE our‘)
-((%ﬁ-:igs)g + 1/2 32) e approximately

Hence (/2 g +.2/2 gz)o 25 p2;> (1/3 g + 1/2 )e

Thus tue first ternm 1n the exyansion of pz 13 in 5eneral dxmxnzsaed,"

taough not very greatly. (n the otaer hend the first term 1n that of 93 is
no longer zero. lence the p aeries-ia smoothed out and lts terms £e:g_no
longer nave such sharp maxima when X is & pavwer of 2 and g is small. In

consgseguence it is only legitimate to use po end p in the estimate of g'and m

L
A second case of deviation is the case of death of some bzacteria.

The srobasbility thzt a given bacterium will die before it divides will -

vary with time, but we 2ey assume it to nave a constunt value h, =s 1t 18

‘only the valué during tne last few generac;ons thet matiers. lhe iean numbeg_

N of bacteriagrcduced by n s,nchironous divisions is 2“(l-n)n. Tuus

\igg g ﬂh(l-h) » Itte number of lest divisions is N/2(l-h) if wve assume

tnat decth occurs just after z division , and 1/2 N if we assume tnat death

osccurs just before., If deatns cre evenly syread out it is about N/2-h.

The number of penvltimate divisions is N/2(1-n)(2-h), of entepenuitimate

divisione n/4(1-n)2(2-n), end g0 on, tne totzl beirz 2(1l-a)N/(2-n)(l=2h).

This excluvdes divisions all of wnose proseny die out. tience

Py = (L+ gh/l-h + g(Leg)n%/2(L-n)° : ——-—c)ixp —(~4(L-n)g/(2-h) (1-2n

I, -2g(l+h *o(nz){]

and similer expressions may be obteinesd for P, etc. lience the effects of
- deatiis will be to lessen P, for siven velues of N &nd m,end he.ce to lessen

the value ¢i iz ior given cbserved values, 1t is impossible to =llow for -

tneir effect exactly unleas :t :s known aow tﬁey are distributed turougsil




the bacterial life cycle._“

Thirdly -1t 13 ciear since paube realstant -utanta art fére;’;' v
elther tnat rcsistant typeé are under some disadvantagqbompared with nDr-aL’;
‘:Tor that the rate at which theJ nutate back to sueceptﬁibility is nuch |
: greater tham m. The latter alternative hes e nebligible efiect on px vhen
N is suall » though it makes moments finite however lerze is the vnlue of fie

Suppose the time teren before a mutant divides is g~! times tue tiage tezxen

by & norucl, i.e, the meen growth rate of mutents is q times thut of nornuls.
Consider what he .pens waen in the abscnce of mutation tuere would be 2"
bacteria. If x=0 on 1, this number wili be unzitered and p, wili be unchanged.
But pl is increased because onl, & fraction q of mutants in wuat would othere.
wise have been the venultimate zeneration will have divided, 80

P, =(1+1/2q) ¢ ™28,
and there will be similar chznges in other values of j 1f q is wessurable
it may be possible to make the necessary elliywance., 1t can also be shown
that the moments &ar~ finite, ¥or example ti.e recurrence equation for uuai .
Secomes un;la2(1-m)un + m(un+ 2" "), whence % approximates to g/l-q
wuen n is large. To sum upy this section, tue ounly infiuence likely to u.set
po is a aneavy mortality, PL cali &ls0 be upset by differeutial growta rete
but not by non-syncnronous division. 1nis latter cause vill uuset other
velues of p *x

The Estimation of the putation Hate

It follows frow the sbove discussion that the me::n number of mutants

in & series of cultures will sive & very unrelicble estiuste ol @, The estimel
least Ljable to be affected by the various causes of deviution is Lade fRom

the frequency of cultures containing v zna L.



1f we are going] to rely only on tne numger of sterile'cultures; |
‘g su_pose S S cultures are exawined and'prove sterile, then 1t 15 easy to show tha
_ the best estimas~ of g Fs

& =1/2 1og, (s /2) & 1/2 (s- aysa)l/é

If there are a cultures with no mutants amd b with one, tae logaritnm‘
" of the likelihood is

I= b log g + (a-a-b) 105(038 -g=1) =28g

dL=b + (2 5 =1) ( s-a=-b) =28, whence
ds &

88 —g-1
e%6 o 2852-+‘s+alg ~b_ --=(2)
2(a+b)z-b

gilves the meximum likelihood estimate of g. The semvlinz variance
of this csti.uate is

2g,.28
e :) -5-1)
{ i4gz +1)e<e-1)
or approxiaately

b(s-a-b
s(a<+4d

A hNumerical iKxample

In their experiment nuamber 23, Luria and pelbriick tested 87 cultures

Bontaining N=2,4X108 bacteria aplece, After adding phage, 29 hcd no survivors,

17 had one, 4 had two, ete. (See my Table 3) Four cultures had 2(1-5(¢

survivors, and the mean ves 28.6.

. 8«87, &=29, b=l7.

+ Q76
olves g=e542 ¢ 4,068

énd equation
whence m-4.8310

'So equation il; glves g=e549.

luria and Delbriick derive 4.1:16’trom Foisson taeory, and




Y

from the mean. For tae reasons given above, the latter estinate

24.5%40°
T of_Little velue, SInce/QQ;OgZN :"2282, tnerexpected velue of the meen
1% 3016, which is very‘cloée'to the velue fouhd, but the asgreement is
fortuitous. |
Tae nuwber of cultures ax in wnich x mutants were found are given
in ieble 3..Tue it of aa and the higher valuesis very bad. x2 = 1%9.7 tor 5
degrees oi Ifreedou, Un the otuer hend if we only consider &, end a

4
(i.e. &&nd b), x2 = oU9 for ole degree, & very ;ood fit, Tuug tiie results

are com,.atible wﬁtn tue view tuut tae only impa}tant ceviations from
ideality are due Lo non-synchronous divisions. |
il thelir otuer expgeriments these esuthors only counted ¢ portion-of the
culture. lience d'couLd only be estircted it taedistribution held exsactly
for higu velues of xo 1t cah best be estimated on this hypotiesis wnen
Po is frirly lerge. in kxperiment 2la thney pluted out 1/4 of ticir cuiture
of k= l.Lxlua becteria, and found P, =11/19 or .579. Tue estiuate of g is
.bout .55, giving m = 1078, agroximately.
In experiment 16, c=.4, Pball/ZU, H=5.6xlua, in exyt. 17, c=.4, P= 5/12,

4 in the first cese, and ebout 1.5x1¢% 1in tae

N= 5xlba. tience mwa l.8xly
second. These Values are uncerialn, owin, to the large influence of Py and

higuer terus,
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1
10
45 R
345 21 !
5040 1260 1260 2625 210 28 1
0 45360 11340 11340 2016 348 36 1

022580028359_9 75500 57645 23625 4440 630 45

Goefficients of 5? in the expanainn of p
x! .

ocomo-p f R

-
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Table II

0 'l 2 . . 6 1 - 8 9 10 _ 104
«8187 19 -0#3’0;&00 U217 ~e 022 <0011 +000] 103 .0011 U006 U229
«6650 1‘330 .om 001‘2 eG3T79 COT4 LO42: -0007 eULl77 <UU3YS LU0 0355
3679 ,1839 .1380 00536 #0525 0327 0199 .0072 -0290 «ULl40 <0LOU oULILD
#L354 0;35" el1354 30302 0902 0632 (udBL .02 00295 00253 01768

® . [ . ) [ » A = alJ 04‘88
C183 +G366 .0544..0611 0672 .C659 £06371 0% “5543 6374 0346 7

P, in terms of g end x
Table 111

r 0. .} _2_ _3 _4._.5__ 5+
e, 0k 39 177 "4 T3 T3 T2 29
a‘.' ctlc.29.43 1230 5.10 5.08 2,97

15,95 15.6

inrizc and Delbrick's exgperiment 23




